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Abstract. We show that the escapmg sets and the Juha sets of bounded 
type transcendental entire functions of order p become 'smaUer' as p ^ oo. 
More precisely, their Hausdorff measures are infinite with respect to the gauge 
function h^{t) — t^g{l/t)'^ , where g is the inverse of a linearizer of some expo- 
nential map and 7 > (logp(/) + Ki)/c, but for p large enough, there exists a 
function fp of bounded type with order p such that the Hausdorff measures of 
the escaping set and the Julia set of fp with respect to h~fi are zero whenever 

7' < (logp~/^2)/c. 



1. Main results and outline 

1.1. Introduction and main result. Let / be a transcendental entire function. 
The Julia set J{f) is the set of points in C where the iterates do not form 
a normal family with respect to the spherical metric on C U {00}, the escaping 
set I{f) is the set of all points z such that /"(z) tends to infinity as — )■ 00. 
Eremenko [7J showed that J7'(/) = dl{f). Let S{f) denote the set of singular 
values of /, which is by definition the smallest closed set A such that / : C \ 
f~^{A) — 7- C \ y4 is a covering map. It can be easily verified that the set of 
singular values is the closure of the set of critical and finite asymptotic values of 
/. We say that / is of bounded type if S{f) is bounded, and denote the set of all 
functions of bounded type by B. In [8j, Eremenko and Lyubich introduced the 
logarithmic change of coordinates which has become a standard tool to investigate 
properties of bounded type entire functions. Using this technique, they showed 
that /(/) C J{f), and hence /(/) = J{f) by Eremenko's result, for every f E B. 
The order of an entire function / is defined as 

/.X log log M(r,/) 
p{f) ■■= limsup . (1) 

r^oo log r 

Here, M{r,f) := ma:X\z\=r\f{z)\. If p(/) < 00, then we say that / is of /imte order 
p(/). From now on, we use the notation Bp := {f E B : f has finite order p}. 
Note that if / G S then p{f) > 1/2 (see for example fT] for an argument). 

We examine the Hausdorff measure of escaping and Julia sets of functions f E B 
of finite order with respect to certain gauge functions. By a gauge function, we 
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mean an increasing function h : [0,e) — t- ]R>o (where e > 0) which is continuous 
from the right and satisfies h{0) = 0. For an arbitrary set A G C, define 

{oo oo 
/;,(diam Ai) : [J D A, diam Ai < 5 for every i > 
1=1 i=l J 

Then is a metric outer measure on all subsets of C, called the Hausdorff 
measure with respect to h. Following we introduce the notation hi -< h2 
for gauge functions hi and h2 whenever the quotient hi{t)/h2{t) tends to as 
t — 7- 0. In the special case where h{t) = h'^it) := t^ for some s > 0, 7/'^^ is 
the s- dimensional outer Hausdorff measure. Given A C C, it is well known 
that there exists Sq > such that 'H'^" (A) = oo if s < Sq and 'H'^" (A) = if 
s > Sq. This value Sq is called the Hausdorff dimension of the set A, which we 
will denote by HD(y4). Baranski |2] and (independently) Schubert |15| showed 
that EI){J{f)) = 2 whenever / E Bp. In fact, the stronger result HD(/(/)) = 2 
also holds. However, if the order of / is infinite, this need not be true anymore, 
as was shown by Stallard [l6j. In [5j, Bergweiler, Karpinska and Stallard proved 
that if the order of / is infinite and M(r, /) < exp(exp((logr)''+^)) for large r, 
then HD(j7'(/)) > 1 + ^, and this estimate is sharp [16]. This suggests that the 
escaping set and the Julia set of a function f E Bp get 'smaller' as p increases. On 
the other hand, a result by Eremenko and Lyubich [8, Proposition 4 and Theorem 
7] implies that if / has finite order and a logarithmic singularity, then /(/) 
has zero two-dimensional Hausdorff measure; there are many functions satisfying 
this condition, so the usual s-dimensional Hausdorff measure is not suitable to 
distinguish sizes of escaping sets of bounded type entire functions with finite 
order, which is why we use more general gauge functions to measure them. This 
question was addressed for the exponential functions E\{z) := Aexp(2) in |13] . 
Let A G (0, 1/e) and Ex{z) := Aexp(z) be the exponential map with parameter A. 
The function Ex has exactly one real repelling fixed point Px, that is, Ex{Px) = P\ 
and E'^lPx) > 1. A classical result due to Koenigs and Poincare implies that there 
exists an entire function Lx satisfying Lx{0) = f3x, L'^{0) = 1 and 

Ex{Lx{z)) = LxiPxz) for all z. 

The proof of this theorem (and of some other results stated here without proof) 
can for example be found in [3J, [4J, [llj or [17j. Set $a := (La|m)~^ It is easy 
to see that ^x{.x) tends to oo as a; — )■ oo, but slower than any iterate of the 
logarithm. Set hx,y{t) := t^$A(l/^)'^ for 7 > 0. The function hx^-y is defined on a 
small interval (0,e) and can be continued continuously to by h{0) := 0. It can 
be easily verified that /ia,7 is a gauge function. It was shown in [13j that there 
exists Kiambda such that H^^'i^J^E^)) = 'H^^''y{I(Ep)) = 00 for 7 > Kiambda 
and all /i while 'H'^>-'-'{J{Ep)) = 'H^^''<{I{Ep)) = for 7 < Kiambda for /i such 
that Ep_ has an attracting periodic point. Here we obtain estimates of this type 
for all functions of finite order in B, with the exponent 7 depending on the order. 
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Theorem 1.1. There exists Ki > with the following property: If p > 1/2 and 
f e Bp, then 'H^^>t(/(/)) = oo whenever > (log(p) + Ki)/\og(3\. 

Since /(/) C as mentioned in the introduction, this theorem immediately 

implies that 'H^^'^(j7'(/)) = oo whenever 7 > (log(p) + Ki)/ log Px. The second 
result shows that for p large enough, Theorem II. II is sharp (in the sense described 
below). 

Theorem 1.2. There exist K2, po > with the following property: If p > po, 
there exists fp G Bp such that 'H^^'''{J{fp)) = /or 7 < (log(p) - K2)/ log f3x. 

Again, it follows immediately that the statement is still valid if we substitute 
Jif) by/(/). 

Summarizing, these results can be interpreted as follows: If / does not grow 
faster than exp(|z|^''''^) for every e, then the Hausdorff measure of / is infinite 
with respect to the function /iA,7(p,A), and 7(p, A) necessarily has to increase with 
p (if we keep A fixed). This means that, the higher the order of / is, the 'smaller' 
are /(/) and J{f). 

We also mention here that similar, but sharper results were proved for the 
exponential family in [13]. Here, we use techniques very different from those in 
[13] - for the proof of Theorem II. 1^ this seems to be clear, since the class of 
functions under consideration is much more general here. But also the methods 
to prove Theorem 11.21 are very different from those that we applied to show the 
corresponding result for the exponential family. Although the function fp that 
we construct in the proof of Theorem 11.21 morally behaves like exp{zP), it has 
zeros and critical points arbitrarily close to the boundary of the tract W of fp. 
This makes it impossible to find a fixed radius r such that for every z G log W, 
the logarithmic transform Fp of fp can be continued analytically to a disk of 
radius r around z. Hence the distortion of Fp near the boundary of a logarithmic 
tract is not small, unlike as in the exponential family. This fact gives the need 
to use different methods than in [13] also for the proof of Theorem II. 2^ although 
the main idea remains the same. (For the definitions of 'tract', 'logarithmic 
transform' and 'distortion', see section 2.2.1). 

This paper is organized as follows: In section 2, we provide some notations 
that we will use throughout this work and we briefiy review some classical results 
from function theory as well as holomorphic dynamics, like Koebe's distortion 
theorem or the logarithmic transform of a function in class B. Finally, we mention 
some results for the functions hx^-y that will be used in the proofs of the two 
main theorems. Sections 3 and 4 contain the proofs of Theorems 11.11 and II. 2[ 
respectively, together with the necessary preparations. I thank Walter Bergweiler 
and Helena Mihaljevic-Brandt for many fruitful discussions about this project. 
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2. Notations and preliminaries 

2.1. Notations. For z G C, let 3^2; and denote the real and imaginary parts 
of z, respectively. If 2:0 G C and r > 0, we write D{zQ,r) for the disk in C with 
center zq and radius r with respect to the euclidean metric. By D := D{0, 1) we 
denote the open unit disk in C, and by HI := {z G C : > 0} the right half 
plane. For r > and ^ G M, let 

g(0,r,0) := 1^ G C : max{\^z\ , < ^} 

and 

Q(zo,r,9)=zo + e''Q{0,r,0). 

If the angle 6 is not important, we will suppress it and just write Q{zo, r) in order 
to increase readability. 

We denote the two-dimensional Lebesgue measure of a measurable set A C C 
by |y4| and the one- dimensional Lebesgue measure of a measurable set A C M by 
C{A). li A, B G C and < < 00, we write dens(yl, B) for the density of A in 
B, which is defined by 

/ . lAnBl 

dens(A, B) := 



\B\ 

Let / be an entire function and S{f) be the set of singular values of /, that is, 
S{f) is the closure of the set of critical and finite asymptotic values of /. We 
denote the postsingular set of / by P{f), which is by definition 



pif) ■■= U /"(^(/))- 

nGNo 

Recall from the introduction that i3 := {/ transcendental, entire : S{f) bounded} 
and Bp := {f E B : f has finite order p}, where the order p[f) is defined by ([1]). 
In the proofs, £i,£2i ■ ■ ■ refer to positive real numbers which can be arbitrarily 
small if other quantities have been chosen suitably. As an example, we write 'Let 
R be large. Then M{r,f) < exp^r^^^^'^'^^) for r > R without emphasizing that 
R in fact depends on £1. 

2.2. Preliminaries. The results of this section will mainly be stated without 
proofs; we will give references where needed. 

2.2.1. The logarithmic transform. This is a standard tool in complex dynamics 
ever since it was introduced by Eremenko and Lyubich [S]. Let f G B and assume 
that S{f) C © and /(O) G © (this can always be achieved by conjugating / with 
a conformal automorphism of C). Then the number of components of /~^(C\D), 
also called tracts of /, is finite by the Denjoy-Carleman-Ahlfors theorem (see for 
example [I2])- Let Wi{f), . . . , Wn{f) be the tracts of /. Eremenko and Lyubich 
[8] showed that every Wi{f) is simply connected and bounded by an analytic 
curve that tends to 00 on both ends, and / o exp : T^{f) — )■ C \ D is a universal 
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covering for every component T^{f) of \ogWi{f). Clearly, the T^{f) can be 
related to each other by fixing one component T^{f) and setting 

Such a component T^{f) is called logarithmic tract of /. The map exp : H — ^ C\D 
is also a universal covering. So, with 

r(/) :=U^'(/)' 

there exists a map F : T(/) — t- H such that 

is a conformal isomorphism for every i and every k. We say that F is the /o^a- 
rithmic transform of / and abbreviate 

'^THn '■= (^r*(/)) • (2) 

The function F has an expanding property that follows from the Koebe one- 
quarter theorem and the fact that every logarithmic tract does not contain disks 
of radius bigger than vr: 

Lemma 2.1 ([8J, Lemma 1). For every z eM and every T E T{f), we have 

K^-T-YWI^I^. (3) 

In this paper, we will rather prove the results for F than for /, so we have to 
define the Julia and escaping sets of F. Denote by 

JiF) ■.= {zeC:ze r(/),exp(^) G Jif)} 

the Julia set of F and by 

1(F) ■={zeC: 3ftF"(z) ^ oo as n ^ oo} 

the escaping set of F. Obviously, exp(j7'(-F)) C J7'(/) and exp(J(F)) C /(/)• 
Further, exp{J{F)) = J{f) if Dn = 0. This will be important in the proof 
of Theorem IL2I 

2.2.2. Koehe's theorem and distortion. We begin this section by stating the clas- 
sical Koebe theorem. 

Theorem 2.2. Let G C, r > 0, / : D(zQ,r) C be a univalent function and 
z G D{zo, r). Then 

r'\nz,)\{r-\z-z,\) ^ r'\nz,)\{r+\z-z,\) 

(r + \z-z,\Y -IMJI- (^_|^_^^|)3 

and 

^^If (^o)l \z-Zo\ ^ , M ^ ^^If (^o)l \z-Zq\ 

{r+\z-Zo\y [r-\z-ZQ\y 
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Koebe's theorem implies in particular that the family of all univalent functions 
/ : D C with /(O) = and /'(O) = 1 is normal. This yields the following 
result. 

Theorem 2.3. For every e > 0, there exists 5 > such that i/ / : D — >■ C is 
univalent with f{0) — and f'{0) — 1, then 



< e 



whenever \z\ < S. 

Let U C C either be open and bounded or the closure of such a set. A function 
/:[/—> C is said to have bounded distortion if / is a bilipschitz mapping, that 
is, 

o<cr.^ \mzJM< sup'^':'-t'"-:g/<oc. 

z,weu \z — w\ z,weu \z — w\ 

The distortion of / is then defined as D{f) Cf /cf. It can be easily shown 
that if U is open and / has bounded distortion, then / extends to a function 
on U with the same distortion as /. Conversely, if U is the closure of an open 
bounded set, then f\int{u) has the same distortion as /. Note that the distortion 
of a holomorphic function /:[/—)■ C is often defined by 



mi,^u\f'iz)\ 



It is very easy to see that L{f) < D{f) for every function /, but in general, 
we do not have equality. If both U and f{U) are convex, it can be shown that 
D{f) — L{f). But even if U is convex and / is univalent on [/, L(f) may be 
finite but / does not have bounded distortion. An example is given by f{z) = z^, 
defined on all z = x + iy such that 4(x — 1)^ + < 1. In fact, 1 + i,l — i E dU 
and (1 + iY = (1 — iY-i so / does not have bounded distortion. On the other 
hand, sup^g^ \z\ = -\/2 and inf^g;/ \z\ — 1/2, so L{f) < 16-\/2. However, using the 
Koebe theorems, it is easy to see that D{f) is bounded whenever f : U ^ C can 
be continued univalently to a domain which compactly contains U. 

Lemma 2.4. Let Zq e C,r > 0, K > 1. Let f : D{zQ,Kr) C be a univalent 
function. Then 



L{f\Dizo,r)) < 

and 



K + 1 
K-1 



4 



K-1 



HAUSDORFF MEASURE 



Proof. Without loss of generality, we may assume that zo = and r = 1. By 
Theorem [221 we have 



\f{z)\<K'\f{zo)\ 
and analogously 



K + 


\Z - Zq 




(K-l 


z-z,\Y 



<K'\r{z,)\ 



{K + l) 



l/'WI > l/'(^o)| 



K\K-1] 



for all z eB. It follows that < (fij) • To prove the second statement, 

note that 

^<f^<.up|/'„)| 

\z-w\ y(zn 

for all z,w To prove an inequality in the other direction, let w G D, and 

define 

z — Ku 

Then is biholomorphic and v^(0) = z. Let v := ip~^{w). We have 

l/H - f{z)\ = \{f o ^){v) - if o ^){o)\ > \{f o 



{i-\v\y 



imil^' 



>mf !/'(?/) 



(1 — \v\y y& 

- 1 \v\ 
K {l-\v\Y 



>\nl\f\y)\-{K'-\z 



K 



[l-\v\f 



-IK 


w — z 


1 


K 


zw — K"^ 


(-I 1 K\w-z\ \2 



{K'-l)\w-z\ — 





zw — K"^ 




( zw — K'^ 


+ K\ 


w — z\Y 



{K'^-l) \w-z\ 



\w — z\ 



[K-l] 



□ 



by TheoremEa so D{f) < L(/)(f±i)2. 

Some simple properties of holomorphic functions with bounded distortion are 
summarized in the following lemma. 

Lemma 2.5. Let U G C be bounded and open. Let f : U ^ C be a univalent 
function with bounded distortion. Then the following statements hold: 

(a) D{f) = Dif-^),Lif)=Lif-^) 
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(b) IfVD f{U) is a domain and g : V C is univalent with bounded distor- 
tion, then D{g o /) < D{g)D{f) and L{g o /) < L{g)L{f). 

(c) If A G U is Lehesgue-measurahle, then f{A) is Lebesgue-measurable and 
dens{A,U) < L{ffdens{f{A)J{U)) < D{ffdens{f{A)J{U)). 

If we apply a function / with small distortion to a square, then its image is a 
set which is almost square-shaped. More precisely, we have the following lemma, 
which is an application of Theorem 12.31 

Lemma 2.6. For every l/\/2 > e > 0, there exists a constant K > 1 which 
satisfies the following property: Let zq & C, r > 0, K' > K , a univalent function 
f : D (^zq, K'r/ a/2) — >■ C and a square Q = Q{zo, r, 6) he given. Let f '■= flq and 
d := D{f) he the distortion of f . Then 

Q (/(^o), \f\zo)\r-^ (l-V2e),e + arg/'(zo)) C f{Q) 

and 

f{Q) C Q [f{zo), \f{zo)\rd [l + V2e),e + arg/'(^o)) • 

2.3. Two results for hx,f Recall from the introduction that for A G (0, 1/e), 
the function Ex{z) := Aexp(2;) has a unique real repelling fixed point /3a, and 
there is a function $a which satisfies 

= /3a$a(x) (4) 

for all X > f5\. We consider the gauge function 

hx.Xt) := tHx{l/tr. 

The first result about h\^^ that we mention is that the measure 'H^^''< essentially 
only depends on (see [13]). 

Theorem 2.7. Let Ai,A2 G (0,1/e). // 71,72 are chosen such that [5J^^ = 
then there exist constants c,C > with 

chx,,y,{t) < hx,,j,{t) < Chx,,^2{t) 

if t is small enough. 

Next, we show that zero and infinite T^'^^-^-measure are preserved under bilip- 
schitz mappings. 

Lemma 2.8. Let A C C and f he a hilipschitz mapping. If'H^^'''{A) = {resp. 
00), thenV,^^''<{f{A)) =0 {resp. 00). 

Proof. First note that for every i^' > 0, there exists K'{K) > such that 
hx,y{Kt) < K'{K)hx,j{t). In fact, for fsT < 1, we can choose K\K) = K. If 
K > 1, we have with K'{K) = K'^ that 

hx,,{Kt) = KH^<^xil/iKt)y < KH^<^xil/ty = K\K)hx,,{t). 
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Suppose that c < — f{y)\ / \x — y\ < C for all x,y. Let 'H'^^'t(A) = and 

{Ai} be a covering for A. Then {/(Aj)} is a covering for f{A) and 

/iA,7(diam /(Aj)) < ^ /ia,7(C ■ diam Ai) < K'{C) ^ hx,^{diam A^). 

If 'H'^^t(A) = oo, let {Bi} be a covering for /(A). Then is a covering 

for A and we have 

^/iA,7(diam Bi) > ^ /ia,7(c- diam f~^{Bi)) > ^^^jy^ ^A,7(diam f~^{Bi)). 

Since for diam(/(f/)) is bounded above and below by a multiple of diam(f/) which 
is independent oiU C A, the lemma is proved. □ 



3. The estimate from below 

3.1. Preparations. Since the fundamental work of McMuUen [12], there is a 
standard method for estimating the Hausdorff measure of Julia sets of transcen- 
dental entire functions. We will only give a very brief introduction here. 

Definition 3.1 (nesting conditions). For n G N, let An he a finite collection of 
compact, disjoint and connected subsets ofC with positive Lehesgue-measure. Let 
An he the union of the elements of An- The intersection 

oo 

A:=^An 

n=0 

is a non-empty and compact set. We say that the sequence {An) satisfies the 
nesting conditions if it has the following three properties: 

(a) For every n G N and every B G An, there exists some B' G An~i such 
that B CB'. 

(b) There exists a decreasing sequence (dn) converging to with 

max diamiB) < dn 

BdAn 

for all n G N. 

(c) There exists a sequence (A„) of positive real numhers with 

dens{An+i,B) > A„ 

for all n > 0, B e An- 

The key lemma to the proof of Theorem 11.11 is 

Lemma 3.2. Let {An} he a collection of families of sets which satisfies the 
nesting conditions {with properly chosen sequences (dn) and (A„)). Let A he 
defined as above. Let e > and g : (0,£:) — R>o he a decreasing continuous 
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function such that t^g{t) is increasing. Further, suppose that Ymvt^Qt^ g{t) = 
and 



Urn g{dn)Y\ Aj = oo. (5) 



Define 



egit) ,t>0 
,t = 



Then H^{A) = oo. 

The proof follows ideas of McMuUen ([TCTj. Proposition 2.2), it can be found in 



3.2. Proof of Theorem 11.11 Let F be the logarithmic transform of /. Since 
exp is bilipschitz on small disks, Lemma 12.81 implies that it suffices to show that 
n^^i^I^F)) = oo. Our goal is to construct {A„) with A = f]An C /(F) and 
such that {An) satisfies the nesting conditions with sequences (A„) and (dn) that 
meet the requirement ([5]) (where g{t) = ^x{l/ty'). We will use the following 
result due to Aspenberg and Bergweiler [1]: 

Theorem 3.3. Let g be entire and W be a tract of g such that {\z\ = r} (/i W 
for all large r. Let < /3 < 1/2 and put 

Vp:={zeW ■\g{z)\>eM\A^)} (6) 

and ipVfiir) = jC{{t e [0,2tc] : re** G Vg}). Let < k < 1. Then there exist 
constants C, ro > such that 

dt 

log log M(r, 5f) > TT / — — -r-r-C 



t^pv^it) 
for all r > To/k. 

Fix a tract W oi f, P e (0, 1/2) and R G (0, 1). Define as in (E]) and set 
ip := ipv^- By Theorem 13. 3[ there exist constants tq > and C > such that 

^ / -y— -C^<loglogM(e^/) 

Je'-O tlp{t) 

whenever he'' > e^°. Let these constants be fixed. Let T° be a logarithmic tract 
of / corresponding to W and let T'^ := T^ + 2'Kik for G Z (compare section 2). 
Since loglogM(e'', /) = max5fj^=r log 3^F(?/), we obtain with the transformation 
9(r) := ip{e'') that 

pr+logk f]^ I / \ 

/ + (7) 

Jro 9(s) TT \^y=r J 
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whenever r + log k > tq . It follows that 

rj^< r A^<}l( max \og^F{y) + c\ 

< - Mf) + £1)(X2 - log k) + C)<- Mf) + E,)X2 + C) 

n n 

for Xi < X2 — log k, where C may depend on k, /3, / and W. Now we choose 
A G (0, 1/e) so small that Rq := 3/3a/A is much larger than C", Tq and — log/t, 
and define inductively 

i?„ := min{2'^i?„_i : 2^i?„_i > e^^-^}. 

Then i?„ > e^^"-^ and < e(^+^)^"-i for all n eN, where we choose 6 > such 
that A + 5 < /3. For > 0, set 

:= {g(2'=i? + 2''~^R + ij2''R, 2^R, 0) : j G Z, A; G Nq}. 

This implies that Qr„+i C for all n G Nq. 

We define our sequence {An) as follows: Let Qo € Qrq- Set 

A := {Qo} 

and define inductively 

X := ] 5 C 5' G An-i : 5 C U T^ is defined and G i . 

First, we estimate the diameters of the sets in An- Let B G A and define 
Q := G Q_R„. There is a unique sequence (m-,-, kj)^^i with 

F"|B = (F^.„)°---°(i^T^i)|B. 

Let be the center of Q. Since Q is convex, we have by ([3]) that 

diam((Gyfc„ ){Q)) < sup | )'(^) : ^ G q| ■ diam(g) < ^V2Rn < 18. 

" I. " J JXn 

(For the definition of Gt, see ([2]).) It is easy to see that {F k„_-^ o . . . o F k-^ 
is defined on D{Gj,k„ {zq), 18). Hence, setting g{z) := e'^'^ and using that 

Grpkn (Zq) G Grj^kn (Q) C |3ftz > Rn-l}, 

we obtain 



diam(5) = diam((F fc„_i o . . . o F k^ ) ^{Gj,k„ (Q))) 



< 36 ■ sup 



((F.„_i 0...0 F^k,)-'y{z) 



: z G D{Gj,kn (zo), 18) 



36 ■ 47r 400 
< < 



i?„_i-18 - g^-^Ro)' 
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Because 9"-\Ro) = exp{E^~\XRo)) = exp{El~\3/3x)) > E^'\3^x), we deduce 

'''^<^' ^ irk)- 

Now we estimate the density of An+i in some set B G An using Theorem 13.31 
Let B e An, so that Q := F'^[B) G Qr„. Again, there is a unique sequence 
(mj, ki) with Q = (F^fc„ ) o . . . o (F k^ We denote the inverse function of 

{Frpk„ ) o . . . o (F )|b by (j)Q^B- Define 



Sq:= U G^.(g). 



G^kiQKQ 



Note that 



In fact, if Q G Q_R„+i and A; G Z with G'rk{Q) C Q are given, then 

fi':=0O,B(GT^(Q))cfi 
and F"+\B') = Q. So B' G A+i and = GTk{Q). Lemma [23] imphes 

dens(A„+i,5) = dens j |J B\B 

Let 2;o be the center of Q and choose A; G Nq such that Q = Q{zo, 2'^i?„, 0). Define 
Q* := Q{zq, 2''Rn — 18, 0). We introduce the notation 



Ur: 



G U T*^ : ^F{z) > r\. 

k€Z ) 



If <5 G and X G n Q*, then it is immediate by the definition of Ur that 

X G f/ij„+i n Q*. On the other hand, if x G f//?„+i fl Q* and A; G Z with x ^ 
are given, then G Q for some Q G It follows that Gj'k{Q) fl Q* 7^ 0, 

and diam(GTfe((5)) < 18 yields G^k^Q) C Q. So x G fl Q*. The above 
considerations imply 

SQnQ* = TR„_^,nQ*. 
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Using this relation, we obtain 

- L(0Q,5)2 |g*| |g| - L(0Q,5)2 \Q*\ ^ 

Let us estimate dens([/ij^^j, Q*)- Let Xi and X2 be the minimal resp. maximal 
real part of points in Q*. Applying ([7]) and the Cauchy-Schwarz inequality, 



X2 \ 2 / 1-X2 



\Q*\ = {X2 - XiY = [ I Idsj = ■^^j=ds 

CX2 /•X2 1 l'X2 



9{s) 



< / e{s)ds- / ^ds< / e{s)ds--{{p{f)+ei)x2 + C'). 
Ai Jx, 6(s) ixi 



Since A + 5 < /3, we have C{Ur^^-^ n{^z = s}) > 9{s) for all s G [a;i,X2]. Further, 
at least (1 — e2){x2 — Xi)/27r = (1 — 62)x2/4:7[ of the intersect Q*, so 



dens(?7^„^„Q*) > (I - 82) ^ £ ^ds 



N X2 TT \Q*\ 1—62 



47r |g*| ((p(/) + + C") - 4(p(/) + ei) + g 



Since X2 is much bigger than C by hypothesis on Rq, we obtain 

dens(C/„.„,0-)>j-^. (8) 

Now we show that L{(f)Q^B) has an upper bound that is independent of Q and 
B. This fact is well known and can be proved as follows: By Lemma [2. 5 [ we have 

L{(I)q,b) < L{G^kr. \q) ■ L{G k„_, Ig . (Q)) • . . . • HG^k, |g o...og . (q))- 

" "In— 1 -'mn 1 ^ mo ™.n 



Note that G^fc„ is defined on D(zq, 3 ■ 2^^ ■ D D(zq, ^J2 ■ 2^ ■ Rn) D Q. Lemma 
EH yields that L{Grpk^ \q) < cq, independent of Q and F. Similarly, abbreviating 
Gj := G kj o . . . o Gj,k„ for j = 2, . . . , n, we have Gj{Q) C {9?^ > Rq} for all j. 



So G fc, , is defined on 



2?(G,(^o),i?o) D D I G,(zo), I 3 /^(G,(zo),diam G,(Q)). 
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Using Lemma [2.41 again, one obtains 



2 \ L ci 



for all j = 2, . . . , ra. It is clear that 



k=i ^ ^ 

so 



^(0q,b) < C0C2 (9) 
independent of Q and B. The formulas ([S]) and imply that 

dens(A„+i,5) > '^^ 



P(/)' 

where C3 does not depend on n,Q or /. It follows by the functional equation (jl]) 



that 



k 



-C3 



/3I Vp(/) 

This term tends to 00 as A; —i- 00 whenever Plc^/plf) > 1, that is, 

logp(/) - logC3 
^ log /3a 

For such values of 7, an application of Lemma [3.21 yields 'H^^''<{I{F)) = 00. As 
mentioned at the beginning of the proof, Lemma 12.81 implies "H^'^'T (/(/)) = 00 
for the special parameter A that we chose. Finally, Theorem 12.71 shows that this 
is true for every A e (0, 1/e). 

4. The estimate from above 

4.1. Mittag-LefHer functions and the Besicovitch theorem. Before we 
start with the proof of Theorem IL2[ let us remark a simple fact. For p > 1/2, 
we define 





TT 


TT 


(mod 27r) j> 


— ,2n - 




_2p' 


2p. 





(10) 



Note that we can find a constant K = K{p) > with the following property: If 
B{z) = Q{z, K, 9) is any square, then we can find disjoint squares 

B^{z) := Q{w,, 27r(l - l/(2p)), 0) C SpH B{z), 
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J = l,...,h{B{z)),with 
dens 



kiiB(z)) 

U B\z),B{z) 



> 



1 

2p 



El. 



For a given parameter p > 1/2, we define the Mittag-Lejfler function with param- 
eter p by 

oo „ 



n=0 ^ 



It is well-known that p{fp) = p, which follows from the following representation 
of fp (see for example ||9^ p. 83]): 



pexp{zP) + gi{z) ,zeUs 
Q2iz) ,|arg(z) 



{|arg(z)|<|j + 5} 



> — 

2p 



where < 5 < max{^, (1 — j^)7!'} and gi{z) = 0(1/ \z\) as 2; — )■ cxd, for i = 1,2. 
It is not difficult to show that fp G an argument can be found in [H section 
4]. Choose Co > with \gi{z)\ < for all z. Let R > 



Co 
sin((5) 



and R :^ K 



be so large that |5'2(-z)| < 1 for all z e {C\ D{0,R)) with |arg(2)| > ^. Now 
choose a > so small that the function fa,p{z) '■= o.fp{z) satisfies S{fa,p) C D 
and fa^p{D{0, R)) C D. The choice of a implies that fa,p{z) G D for every z E C 
with |arg(z)| > ^. It follows that there is no logarithmic tract of /^p meeting 
the set Sp. In particular, Sp fl J{F) = if F is the logarithmic transform of fa,p- 
By differentiating F{z) = log(/a^p(exp(2;))), one obtains 

/p(exp(2:)) 



F'(z) 



■ exp[z) 



for all z e r{fa„ 



fp{exp{z)) 

Since |arg(exp(z))| < ^ for 2; G T{fa,p), setting w 



exp(2;j 



yields \w\ > R and D{w, \w\ sin(5)) C Us- By Cauchy's integral formula, 



\f'M 



< 



1 



1 

27ri 



dD{w,\w\ sin((5)) 



Co 



and hence 



27r |wpsin((5)2 \w\ 
Co 



p^wP exp{wP) 
Further it is clear that 



< 



27r \w\ sin((5) 



< £2. 



Co 



\w\ sin(5) 



pexp(w'' 



p'^vljp exp{wP) sin(5) 



\w\ 



[12] 



(13) 
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The formulas (fT2|) and ( 1T3|) imply 



F'{z) 




F\z) 




fp{w)w 






pwP 




fp{w)pwP 



pexp[w^ 



e (1 -£3,1 + £3) 



(14) 



p'^vjp exp{wP) fp{w) 

for every z G T{fa,p)- We will use this estimate in the proof of Theorem 11.21 

Another result that we will need is a version of the Besicovitch covering theorem 
which follows easily from [6, Theorem 5.4]: 

Theorem 4.1. There exists a universal constant A^^q > with the following prop- 
erty: Let A C C. For every z & A, let > and = Q{z,rz,0) . Then there 
exists a countable subset B G A such that 



ac\Ja, 



and every z & A is contained in at most Nq elements of {Ay : y G B}. 

4.2. Proof of Theorem 11.21 For p > 1/2, let a and fa,p be as in section 4.1, so 
that (fT^ holds for the logarithmic transform F of p. In analogy to the proof 
of Theorem II. H we show that 'H^'^''i {J {F)) = whenever p is large enough. 



Lemma [2781 then implies that l-i^'~'{J{fa,p)) = 0, since J{fa,p) 



(compare 



the remark at the end of section 2.2.1). Let Sp be defined as in (fTOj) and recall 
that Sp n J{F) = 0. 

Choose a point zq G J{F) and set Zn '■= F"'{zo) for n G N. Let 

Bn{zo) ■.= Q{zn,K,aTg{F^y{zo)) 

and let 0n,zo be the branch of (F")~^ that maps Zn to zq. Because T(/) C H, 
(f)n,zo is defined on EI for all n G N, so K ^ i? implies 

D{(j)n,zo\B„{zo)) < 1 + ^4 

uniformly in n and zq. Lemma [2.61 vields 

Ql^izo) ■.= Qizo,\{<Pn,zonzn)\K{l-e,),0) (15) 

C Ln{zo) ■= (f)n,zo{Rn{Zo)) 

CQ(Zo,|(0n,.o)'(^n)l^(l + ^5),O) =: Q^(zo), 

SO 



Since 



dens(F"(Q;,(^o)),5n(^o)) > 



> 1 - ^6- 



1 



(16) 



;dens{Ql{zo),Lnizo)) 



> (1 - £7)dens(Qi(2;o), QUzo)) > (1 - eg), 
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we have 

|i^"(Q^(^o))| > {l-es)\Bn{zo)\. (17) 

Further, 

F"(g^(^0)) 3 Q{Zn, \{Fn'{zo)\ \<P'r.,J^n)\K{l - E.f) = Q{Zr., (1 - e,)K). (18) 

We assume that BlXzo),...,Bn'^''-^"'^'^ {zq) are the i?^ that are contained in 
F"(g^(;zo))- Then ^ imphes 

fc2(^n(^o)) . . 

fci(5„(2;o)) 

Note that all of these estimates are uniform in both zq and n. 
Let 

Sn{zo) := |0:,,,„(2;„)| i^(l -£5) = ^^^^.^Jj^^i 
be the side length of Q\{zq). By (fT4|) . we have 

(l-55)ir ,1 

Sn+i(2;o) = M = (1 - £5 



|(F"+^)'(^o)| ^ ^^|F'(F"(zo))||(F«)'(;^o)| 
^"(^o)|i..(i.n(,^))| > (l-"3)pexp(J?F"(^o))^'"^''°^ 



= ~ '^Vexp(p47r|(F-)'(zo)|)'"^'^°^ 

^ (1 ~ ^3) r-riTTT-^-^nizQ) > 



Let M ^ be large and set c := Air + en. We fix a small number Tq > and 
define inductively 

1 

p^^^p (if) 

for all n. For every z G J^{F), we claim that we can find n(2;) G N such that 
whenever n > n{z), there exists mz{n) with Mr„+i < Sm2(n)(-2) < ^'"n- In fact, 
if rn+i < ^4f- < rn, we find 



M 

Sk+l{z) 



> ^ ^ > ^ = r„+2. 



M Mpexp(ig^) Mpexp(^) 
We define 

Qn '■= {Q{z, Tn, 0) : z = {k + il)rn for some /c, Z G Z} 
to be the collection of squares in a r„-mesh that covers the complex plane. 
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Let Q := (5(w,rn,,0) G be a square which meets J{F), where 
We consider the square 



n > max n(z) 

z(iJ{F)r\Q 



g:=g(w,(M + l)r„,0). 

Let us assign a square Qn{z) to every z G Q in the following way: \i z E Q\J'{F), 
let Qn{z) ■■= Qiz,r,0) be a square with Qn{z) fl J{F) = 0. If z G Q \ Q, let 
Qn{z) ■.= Q{z, r, 0) be such that Q„(z) n Q = 0. Finally, ii z e Q n J{F), let 

Qn(2;) := Q{z,S^^(^n){z),0) = Qln4n){z)- 



By Theoremim there exist countable sets X C Qnj{F) and F C Q\{Qnj{F)) 
such that 

Q C U Q(2;,s„,(„)(2;)) U U g„(2:), 
and every 2; G Q is contained in at most Nq of these squares. It follows that 



|:^(i^)nQ| 



j{F) n U g„(^ 



Let G X and abbreviate m := mzg{n). Let 

for all j = 1, . . . , ki{Bm{zQ)) . Using small distortion again, we can find squares 
Ql k = 1,2, with 



and 



im(^()) 



> 1-^6 



(compare (fT6|) ). Let wj be the center of Bll^{zo) and 
length , oi Q\, , , satisfies 

KQl^^^J > (1 - ^5) |(0„,.o)'K-)l 27r(l - l/(2p)) 



t;,- : 



J •— 'rm,zo\'^j 



Wi). The side 



1-^5 



\{F^nvj)\ 



271(1 - l/(2p)) 



> -i-^27r(l - l/(2p)) 



l(i^")'(^o)| 
by Lemma 12.41 Since 



1 _ Smjzo) 
|(F-)'(zo)| " K{l-e,) 
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by the formula (fTSi) . we obtain 

/(gi.^(,„))>(l-^i3)27r(l-l/(2p))' 
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K 
M 

> (1 - £i3)27r(l - l/(2p))— r„+i > Mr„+i, 

A 

We have M ^ 1 since M ^ K. It follows that Q\i , , contains at least 
Q\j /'"'n+i elements of Qn+i- So the number C^^{zq) of squares in Qn+i 



']hat are contained in L:^(zo) satisfies 



CUzo) > (l - ei,] 



> (1-^15; 



(20) 



' n+l 



'n+l 'n+l 

Recall that the BI^{zq) do not intersect J{F) since B-j^lzo) C S'p. Hence we 
can estimate the number N'{n, Zq) of the elements of Qn+i that are contained in 
Qn{zo) = Qly^{zo) and that do not meet J{F): 

B'{n,Zo) > Yl (l-^is: 



' n+l 



= (1-^15) 



> (1 - ^16: 



> (i-^is)- 



' n+l 



E 



|Qn(^o)| 



' n+l 



-densj U BUzo),F"^{Qn{zo)) 



Sm(2;o)^ 




'"n+l 


\F-^{Qn{zo))\ 


"Sni(2^o)^ 




^n+1 


-Bm(^o) 



/ ^2 / ki(Bm{za)) 

= fl - £i8)^^^2~^dens y Bl^{zo),Bm{zo) 



' n+l 



> (1 - £19) 1 - — 



1 \ SmiZo 



2 



2py r^+i 

It follows that the number N{n, Zq) of the squares in Q„,+i that are sufficient to 
cover J{F) nQ„(zo) satisfies 

iV(n,Zo)<T^:(l + ^i9)^^- 



2p 



' n+l 
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Since all the squares Qn{z) with z eY do not intersect J{F) fl it follows that 
the number N{Q) of squares in Qn+i that can intersect J{F) fl Q satisfies 



Because every y G Q is contained in at most A^^o squares Quiz) and ^-^-j < M 
for all z, this implies 



-^P 'n+l 

In particular, the upper bound for N{Q) only depends on n, but not on the 
particular location of Q in the plane. Repeating this argument, we get that 
((1 + ei9){M^No)/{2p)f{rJrn+kY elements of Q„+k suffice to cover J{F) n Q, 
for every k eN. This yields for fixed A G (0, 1/e) that 



n'^^-iQ n J{F)) < hm (1 + £19)^^ ^/^A,,(v^r„+fc) 

= rl hm f (1 + .19)^) ' ^2r^^,<|.,(l/(v^r„+,))' 
<2rl\im f(l + ei9)^) $A«+^l/ro)/v^r 

fe-i-oo Y J 



by (jlj), where gi{x) = pM exp{pcKx / M) . Choose Xi > x with gi{x) < E^{xi) 
for all k. We obtain 



?^^^-(gnj7(F))<2r^ lim ((1 + 519)^) <l>x{E-,'-\x,)) 
< 2r2$;,(xir/3r lim f (1 + £19 



The above limit is zero if 
that is, 



.7 , 2p 



log(2p) - log(M^iVo) - log(l + 519) 

^ log /3a 

and this is completely independent of Q. Since we can clearly cover J{F) by 
countably many squares Q = Q{w,rn,0) that satisfy n > maXzej(F)nQ'n{z), 
Theorem 11.21 now follows with the choices K2 := 21ogM + logA^o~log2 + log(l + 
£19) and po > exp(_ft'2). 
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